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1 Introduction

The acoustic interactions in transducer arrays have typically been analyzed in the frequency

domain. There have been a number of techniques developed for this purpose. However,

when dealing with nonlinear transducers or if the transient behavior is of interest, it is

more convenient to work in the time domain. In this paper a method will be presented for

analyzing acoustic array interactions in the time domain. This method will be applied to a

simple transducer array.

In the frequency domain array interactions are usually expressed in terms of mutual radi-

ation impedances. For an array of one degree of freedom devices, the radiation force F rad
m

on the m-th element is expressed as

F rad
m .!/ D

N
X

nD1

zmn.!/vn.!/ (1)

where zmn is the mutual radiation impedance between the m-th and n-th elements, vn is

the velocity of the n-th element, and ! is the angular frequency. For multimode devices, an

equation like (1) can be written, but in this case F rad
m and vn are vectors of modal coefficients

and each zmn is a square matrix whose row and column dimensions are the number of

modes used. The radiation force is expressed in terms of velocities since many of the

equivalent circuits used to represent transducers employ velocities as currents and forces

as voltages. However, for our purposes, it will be more convenient to use accelerations

instead of velocities. In the frequency domain a velocity v is related to the corresponding

acceleration a by a D i!v. Thus, equation (1) can be written in the form

F rad
m .!/ D

N
X

nD1

mmn.!/an.!/ (2)

where mmn D zmn=i!. The coefficients mmn are complex and have the units of mass.

Taking the inverse Fourier transform of equation (2), we get

F rad
m .t/ D

NX

nD1

Z t

0

�mn.�/an.t � �/ d� (3)

where F rad
m .t/ is the inverse transform of F rad

m .!/, an.t/ is the inverse transform of an.!/,

and �mn.t/ is the inverse transform of mmn.!/. Here, we have assumed that the radiation

force and the accelerations are zero for times lees than zero. We have also used the causality

condition that F rad
m .t/ can’t depend on acceleration values corresponding to times greater
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than t . The coefficient �mn.t/ is the radiation force on the m-th element due to a unit

acceleration impulse on the n-th element with all the other elements held rigid.

There are three main reasons for preferring accelerations over velocities. First, the acoustic

pressure is more directly related to accelerations than it is to velocities. To produce an

acoustic pressure it is necessary to compress the fluid. Since fluids such as water would

rather flow than compress, compression is obtained by accelerating the radiating face of the

element so that the inertia of the fluid opposes the flow. Second, the time-domain approach

employed in this paper involves taking inverse Fourier transforms of either the zmn or the

mmn to obtain the mutual impulse response functions. The inverse Fourier transform of

the self radiation impedance znn doesn’t exist in the ordinary sense, since the real part of

znn doesn’t approach zero as frequency increases. While this can be handled using delta

functions, it introduces an unnecessary complication. Third, using accelerations leads to

a more stable solution procedure. The self acceleration impulse response �nn is primarily

a positive pulse similar to a smoothed delta function whereas the corresponding velocity

impulse response has closely spaced positive and negative peaks similar to a smoothed

derivative of a delta function. This alternation in sign leads to significant cancellation

when the velocity impulse response is convolved with a smoothly varying velocity.
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2 Acoustic Impulse Functions

I first considered using the Kirchhoff integral equation method for generating the functions

�mn.t/ directly in the time domain. I have used this method to successfully calculate the

response for various acceleration pulses [1], but I haven’t been able to get good accuracy

for the very short pulses that are needed to approximate an impulse. Therefore, I decided to

generate the functions mmn.!/ in the frequency domain using the boundary element pro-

gram CHIEF [2] and perform the inverse Fourier transform numerically to obtain �mn.t/.

Some care is necessary, especially for the self terms, since the convergence in the frequency

domain is very slow. The imaginary part of mmm.!/ only converges to zero like 1=! as

! ! 1.

Figure 1 shows the impulse response of a uniformly excited sphere.

0

Time

Figure 1: Radiation impulse response of a uniform sphere

Notice that the response is zero for negative times; it jumps to a finite value at t D 0; and

then it decays to zero for large time. These are characteristics of all self radiation impulse

responses. However, in many cases the self radiation impulse response oscillates as it ap-

proaches zero. The discontinuity at t D 0 is what gives rise to the slow convergence in

the frequency domain. Typically, a function with jump discontinuities gives rise to 1=!

convergence in the frequency domain; a function that is continuous gives rise to 1=!2

convergence; a continuous function with continuous first derivative gives rise to 1=!3 con-

vergence, and so on. If the response is only defined over a finite interval (as it always is in

numerical problems), then it is necessary to look at the smoothness of the periodic exten-

sion to determine the rate of convergence. In this case the discontinuities often occur at the

end points.
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We will now show how to modify the self impulse response so that it converges faster. Let

f .t/ denote the self impulse response. Consider now the function Of .t/ defined by

Of .t/ D
(

f .t/ for t � 0

f .�t/ for t < 0:
(4)

This function reflects the positive time portion of f about the y-axis as shown in figure 2.

0

Time

Figure 2: Spherical impulse with reflection

Notice that Of is continuous at t D 0. If F.!/ is the Fourier transform of f and OF .!/ is

the Fourier transform of Of , then

OF .!/ D
Z 1

�1
Of .t/e�i!t dt

D
Z 0

�1
f .�t/e�i!t dt C

Z 1

0

f .t/e�i!t dt

D
Z 1

0

f .t/ei!t dt C
Z 1

0

f .t/e�i!t dt

D F �.!/ C F.!/ D 2Real F.!/: (5)

Since Real F.!/ converges like 1=!2, we will get better results if we obtain f .t/ by inverse

transforming 2Real F.!/ and throwing away the half corresponding to negative times.
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We will now show how to obtain 1=!3 convergence. It turns out that, for small times, the

acoustic pressure p is approximately related to the normal velocity v by the plane wave

relation p D �cv where � is the fluid density and c is the sound speed. If the acceleration

is an impulse, then the velocity will be a unit step function at t D 0. Thus, the pressure

jumps from zero to �c at t D 0. In computing the self radiation impulse response we are

usually interested in some kind of radiation force. For a piston radiator the force would

jump from zero to �cA where A is the area of the piston. In other problems we are often

interested in forces that are the integral of pressure times some shape function over the

radiating area. In these problems A would be replaced by an effective area obtained by

integrating the shape function over the area. In any case it is usually possible to obtain the

value of the self radiation impulse response at t D 0. Consider the case of a piston radiator.

If f is the impulse response, consider the modified function fmod defined by

fmod.t/ D
(

f .t/ � �cAe�˛t t � 0

0 t < 0
(6)

for some ˛ > 0. The function fmod will be zero at t D 0 and will be approximately zero

for large positive times. We will now extend the positive time portion of fmod to negative

times as an odd function, i.e., we define Ofmod by

Ofmod.t/ D
(

fmod.t/ for t � 0

�fmod.�t/ for t < 0:
(7)

Since fmod vanishes at t D 0 , the function Ofmod will be continuous and have a continuous

first derivative. Thus, the Fourier transform of Ofmod will converge like 1=!3. It is easily

verified that the transform of Ofmod is given by

OFmod.!/ D 2iImag Fmod.!/: (8)

The transform of the function that is �cAe�˛t for positive t and zero for negative t is given

by
�cA

˛ C i!
D �cA˛

˛2 C !2
� i

�cA!

˛2 C !2
:

Therefore,

Imag Fmod.!/ D Imag F.!/ C �cA!

˛2 C !2
(9)

and hence
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OFmod.!/ D 2i

�

Imag F.!/ C �cA!

˛2 C !2

�

: (10)

Thus, given F.!/, we can obtain f .t/ as follows:

1. Calculate OFmod.!/ using equation (10).

2. Perform a numerical inverse Fourier transform of OFmod.!/ to obtain Ofmod.t/.

3. For t � 0 compute f .t/ using f .t/ D Ofmod.t/ C �cAe�˛t .

I have found that this technique gives very good self radiation impulse response functions.

The choice of ˛ is not very critical, but we want it to be large enough so that e�˛t is

negligible when f .t/ is negligible and small enough so that it can be modeled using a

reasonable time step. Thus, we would like the decay of e�˛t to be similar to that of f .t/.

For the examples considered in this paper we used ˛ D 2�=t0 where t0 is three times the

time required for sound to cross the piston.

The mutual impulse response functions don’t have the same convergence problem. They

vanish for t D 0 and are small for large times. They are also very smooth functions.

Because of the fast convergence rate of their transforms, they can be computed directly by

numerically performing an inverse Fourier transform of the frequency response. However,

the mutual impulse response is zero for a period of time starting at zero and extending to

the time required for sound to travel the minimum distance between the two elements. To

avoid having to compute the response during this initial period, we shift the response to

the left by applying an exponential multiplier to the frequency data. If d is the minimum

separation between the two elements, then we multiply the frequency data by ei!d=c . This

causes the response in the time domain to be shifted to the left by d=c. To obtain the actual

mutual impulse response, we insert zeroes in the initial period to shift the response back to

the right.

As a test of this technique for calculating the self impulse response function, I apply it to

a problem for which an analytical solution is available. Oscar Lindemann [4] derived an

expression for the velocity impulse response �.t/ of a square piston on an infinite plane

rigid baffle. This response can be written as

�.t/ D �c
�

Aı.t/ � cf .ct/
�

(11)

where ı.t/ is the delta function and f is the function defined by
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f .r/

8

ˆ̂

<̂

ˆ̂

:̂

0 r < 0

4��1.s � r=2/ 0 � r � s

2��1
�

r � 2s.r2 � ss/1=2=r
�

s � r � s
p

2

0 s
p

2 � r � 1:

(12)

Here s is the length of a side of the square and s
p

2 is the maximum dimension of the

square. A plot of the function f .r/ is shown in figure 3.

0.0 0.5 1.0 1.5 2.0

r/s

0.0
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0.4

0.6

0.8

1.0

1.2

1.4

f(
r)

Figure 3: The function f used to calculate the impulse response of a square piston.

The expression for the acceleration impulse response �.t/ can be obtained by integrating

equation (11), i.e.,

�.t/ D �cAH.t/ � �c2

Z t

0

f .c�/ d� D �cAH.t/ � �c

Z ct

0

f .r/ dr: (13)

In this equation H.t/ is the Heaviside step function that is zero for t < 0 and is one for

t � 0. It turns out that f has the property

Z s
p

2

0

f .r/ dr D A: (14)

Therefore, �.t/ is identically zero for t > s
p

2=c.
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To implement the numerical method described previously, the frequency response for the

square piston was calculated using CHIEF [2] over the range 0 � s=� � 3:3 in steps of

0.3. Since the problem has two planes of symmetry, it was only necessary to subdivide

one quarter of the piston. A 12 � 12 breakup of the quarter piston was used. The impulse

response was obtained by performing an inverse Fast Fourier Transform of the modified

frequency response defined as in equation (10) and then making the appropriate correction

in the time domain. Figure 4 shows a comparison of the numerical result with the analytic

result. The agreement is very good.

Figure 5 shows a similar comparison in which the numerical result was obtained by an

inverse Fourier transform of the frequency response without the modifications described

above. Here the agreement is not nearly as good. Thus, the modifications do improve the

accuracy of the computed self impulse response, especially for small times.
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Figure 4: Analytic vs. numerical comparison using modified impulse response.
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Figure 5: Analytic vs. numerical comparison without modifications.
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3 Some Notes on Numerical Fourier Transforms

To compute impulse responses we would like to be able to calculate continuous Fourier

transforms (Fourier Integrals). However, since we are limited to a finite number of function

values, we must be satisfied with discrete Fourier transforms. These are usually packaged

as Fast Fourier Transforms (FFTs). In this section we will review some of the relationships

that exist between continuous and discrete Fourier transforms. Suppose x.t/ and X.f / are

a Fourier transform pair, i.e.,

x.t/ D
Z 1

�1
X.f /ei2�f t df (15a)

X.f / D
Z 1

�1
x.t/e�i2�f t dt: (15b)

Let �t be the time increment and let T D N�t where N is the number of equally spaced

sampled values. Let �f D 1=T be the frequency increment and define F by F D N�f D
1=�t . Consider the functions

xp.t/ D
1X

kD�1

x.t C kT / (16a)

Xp.f / D
1X

kD�1

X.f C kF /: (16b)

The function xp is periodic with period T and Xp is periodic with period F . Moreover xp

and Xp satisfy

xp.m�t/ D 1

N

N �1
X

nD0

FXp.n�f /ei2�mn=N (17a)

FXp.n�f / D
N �1X

mD0

xp.m�t/e�i2�mn=N ; (17b)

i.e., fxp.m�t/g and fFXp.n�f /g are a discrete Fourier transform pair. We will now show

that, under certain conditions, Xp is a good approximation to X and xp is a good approx-

11



imation to x. If X.f / is negligible for jf j � F=2, then it follows from equation (16b)

that

Xp.n�f /
:D X.n�f / 0 � n � N=2 (18a)

Xp..N � n/�f /
:D X.�n�f / 0 � n � N=2: (18b)

Similarly, if x.t/ is negligible for jt j � T=2, then it follows from equation (16a) that

xp.m�t/
:D x.m�t/ 0 � m � N=2 (19a)

xp..N � m/�t/
:D x.�m�t/ 0 � m � N=2: (19b)

Aliasing occurs when terms with k ¤ 0 contribute significantly to the sum on the right-

hand-side of equation (16a) or (16b). In order to prevent aliasing it is necessary for X.f /

to be negligible when jf j � F=2. Similarly, it is necessary for x.t/ to be negligible

when jt j � T=2. Notice that the values for negative frequencies occur in reverse order

in the last half of the sequence fXp.n�f /gN �1
nD0 . Similarly, the values for negative times

occur in reverse order in the last half of the sequence fxp.m�t/gN �1
mD0. If the function

x.t/ is real-valued, then the negative frequency values are the complex conjugate of the

corresponding positive frequency values. Notice also that the frequency values Xp.n�f /

must be multiplied by F (F D 1=�t) prior to performing the inverse discrete Fourier

transform to get the time values xp.m�t/. We can get interpolated values in the time

domain by padding the frequency sequence with a sequence of zeroes. These zeroes go in

the middle—between the positive and negative frequency values—since this is where the

large positive and negative frequency values reside. For best efficiency it is best to choose

the number of sampled values N to be a power of two.
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4 Transducer Element and Array Description

To illustrate the use of radiation impulses in array interaction problems we will consider a

line array where each transducer is a simple device as pictured in figure 6.

SYMMETRY

PLANE

CYLINDRICAL

HOUSING

Figure 6: Simple linear transducer element.

It consists of two circular pistons each of mass M located at the ends of a rigid cylindri-

cal housing. A spring of stiffness K restrains each piston and each piston is driven by a

time varying force F . We will also assume that the pistons are viscously damped. The

differential equation describing this transducer is given by

M Ru C R Pu C Ku D F � F rad: (20)

Here u is the normal displacement of the piston, R is the damping resistance, and F rad is

the acoustic radiation force on the element. There is an equation like this for each element

in the array. It follows from equations (3) and (20) that the following relations hold for the

m-th element of the array:

Mam C Rvm C Kum D F �
N

X

nD1

Z t

0

�mn.�/an.t � �/ d� (21a)

Pvm D am (21b)

Pum D vm: (21c)

Finite element models of transducer elements lead to similar looking equations in which

the scalar quantities M , K, R, and �mn become matrices and the quantities F , am, vm, and

um become vectors.
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It will be convenient to introduce the dimensionless variables shown below in Table 1. Here

s D 2r is the diameter of each piston.

Table 1: Normalized variables.

NF .Nt/ D 1

�s2c2
F.s Nt=c/ drive force Nt D t

s=c
time

Nu.Nt/ D 1

s
u.s Nt=c/ displacement Nf D s=� frequency

Nv.Nt/ D 1

c
v.s Nt=c/ velocity NM D M

�s3
mass

Na.Nt/ D s

c2
a.s Nt=c/ aceleration NK D K

�c2s
stiffness

N�.Nt/ D 1

�cs2
�.s Nt=c/ interaction NR D R

�cs2
resistance

In terms of these dimensionless parameters, the equations in (21) become

NM Nam C NR Nvm C NK Num D NFm �
NX

nD1

Z Nt

0

N�mn. N�/ Nan.Nt � N�/ d N� (22a)

d Nvm

d Nt D Nam (22b)

d Num

d Nt D Nvm m D 1; : : : ; N: (22c)

Notice that the equations in (22) have the same form as the equations in (21). For the

examples considered in this paper the height of the cylinder was taken to be equal to the

radius of the piston. To make sure that the acoustic radiation affects the resonance, the mass

M of the piston was taken to be equal to the low frequency radiation mass of the piston,

i.e.,

M D Mrad D �s3

3
: (23)

This results in NM D 1=3. Let fm be the fluid-loaded resonant frequency of a single element

and let �m be the corresponding wavelength. This resonant frequency is given approxi-

mately by

!2
m

:D K

M C Mrad

D K

2M
: (24)
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Thus,

NK D K

�c2s

:D 2!2
mM

�c2s
D 2!2

m�s3 NM

�c2s
D 8�2

3

�
s

�m

�2

: (25)

In the examples of this paper we will specify s=�m and compute NK using equation (25).

The viscous damping resistance R will be determined by specifying various values for

the quality factor Q. Since Q D !mM=R, it follows that R D !mM=Q and hence
NR D 2�.s=�m/ NM=Q.

In this paper we will consider two types of waveforms for the drive forces. One is a sinu-

soidal drive of the form

Fm.t/ D jF jm sin !t t � 0:

In terms of normalized coordinates this reduces to

NFm.Nt/ D jF jm
�s2c2

sin
�

2�
s

�
Nt
�

Nt � 0:

To simplify matters we will set the normalized force amplitude jF jm=.�s2c2/ to one, i.e.,

NFm.Nt/ D sin
�

2�
s

�
Nt
�

Nt � 0: (26)

The second type of waveform is a pulse consisting of one-half cycle of the waveform shown

in equation (26). Since the normalized equations in (22) have the same form as the unnor-

malized equations in (21), we will drop the over bars in the rest of this paper and assume

that all variables are normalized. Although the equations describing this device are linear,

the technique described here can also be applied to nonlinear devices as long as the non-

linearity doesn’t involve the highest order derivative, the acceleration am. For the array we

will restrict ourselves to a line array as shown in figure 7. The number of elements will be

variable.
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�

�

Figure 7: A line array shown here with five elements.

5 Calculation of the Impulse Response Functions for the

Array

It was found for the examples considered in this paper that the self impulse response was

virtually identical for all elements in the array and that there was virtually no effect due to

the presence of the other elements (this may not be true for other problems). Therefore,

the self impulse response was computed for a single element in the free-field using the ax-

isymmetric boundary element program AXICHIEF [3]. Ten subdivisions were used along

each piston radius and ten along the side for a total of 30. The frequency response due to a

constant piston acceleration of one was computed over the range 0 � s=� � 3:4 in steps of

0.1. The impulse response in the time domain was computed using the method described

previously having a convergence rate of 1=!3. The calculated self impulse response � is

shown in figure 8. To show the effect of increasing the convergence rate, figure 9 is a plot

of the direct numerical inverse transform of the frequency data.

Figure 10 shows the mutual impulse function �13 for a five element array with interelement

spacing d D 2s. Notice that the response is zero at the beginning for the amount of time

it takes for sound to travel the minimum distance between the two elements. The mutual

impulse responses were calculated by numerically performing an inverse Fourier transform

of the frequency data generated using the boundary element program CHIEF [2]. A time

shift was employed as discussed previously. Zero padding was used to produce better

resolution in the time domain. The line array was modeled using two planes of symmetry.

Thus, we needed to subdivide one quarter of each element— half of the top piston and

one quarter of the side. Half of each upper piston was modeled using 4 subdivisions in

the radial direction and 12 subdivisions in the angular direction. One quarter of the side

was modeled using 2 subdivisions in the axial direction and 12 subdivisions in the angular

direction. Thus there were 72 subdivisions on each element and a total of 360 for the five

element array. The frequency response was computed over the range 0 � s=� � 2 in steps

of 0.1.
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Figure 8: Normalized self impulse response.
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Figure 9: Uncorrected self impulse response.
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Figure 10: The mutual impulse response �13.

6 The Array Solution Procedure

The equations in (21) form a system of differential-integral equations. We will use a time

stepping procedure for solving these equations that is similar to ones used in solving sys-

tems of ordinary differential equations. It should be noted that there is a delay before the

force on the m-th element is affected by an acceleration of the n-th element, m ¤ n. This

delay is the time required for sound to travel the minimum separation between the elements.

We will assume that the time step ı in our procedure is less than the time required for sound

to travel the minimum separation between any two elements. This assumption is not strictly

needed, but it does simplify the procedure by providing a partial decoupling of the element

equations. Suppose we have calculated am, vm, and um for time steps up through tr D rı.

We will show how to use standard differential equation solvers to advance the solution to

the next time step. Let t lie in the next time interval Œtr ; trC1�.

The impulse response integrals on the right-hand-side of equation (21a) can be split as

follows
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Z t

0

�mn.�/an.t � �/ d� D
Z t�tr

0

�mn.�/an.t � �/ d�

„ ƒ‚ …

an in current interval

C
Z t

t�tr

�mn.�/an.t � �/ d�

„ ƒ‚ …

an in past history

:

(27)

Because of our assumption on the step size, we have �mn.�/ D 0 for � � ı when m ¤ n.

Since t � tr � ı, we have

Z t�tr

0

�mn.�/an.t � �/ d� D 0 m ¤ n: (28)

Since �mm typically varies faster than am, the corresponding integral for m D n will be

calculated by assuming that am varies linearly over the interval Œ0; t � tr �, i.e.,

am.t � �/
:D am.tr/ � am.t/

t � tr
� C am.t/ 0 � � � t � tr : (29)

Using this relation, it follows that

Z t�tr

0

�mm.�/am.t � �/ d�
:D am.t/

�Z t�tr

0

�mm.�/ d� � 1

t � tr

Z t�tr

0

��mm.�/ d�

�

C am.tr/

�
1

t � tr

Z t�tr

0

��mm.�/ d�

�

� ˛mam.t/ C ˇmam.tr/ for tr < t � trC1: (30a)

Clearly,

Z t�tr

0

�mm.�/am.t � �/ d� D 0 when t D tr . (30b)

In the above equations we have set

˛m D
Z t�tr

0

�mm.�/ d� � 1

t � tr

Z t�tr

0

��mm.�/ d�
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and

ˇm D 1

t � tr

Z t�tr

0

��mm.�/ d�:

It follows from equations (27)–(30) that for tr < t � trC1

NX

nD1

Z t

0

�mn.�/an.t � �/ d� D ˛mam.t/ C ˇmam.tr/ C
NX

nD1

Z t

t�tr

�mn.�/an.t � �/ d�

(31a)

and when t D tr

N
X

nD1

Z t

0

�mn.�/an.t � �/ d� D
N

X

nD1

Z tr

0

�mn.�/an.tr � �/ d�: (31b)

The only acceleration on the right-hand-side of equation (31) that corresponds to a time

greater than tr is the term containing am.t/. We will combine this term with the am.t/ term

on the left-hand-side of equation (21a). Combining equation (31) with equation (21a), we

get

.M C ˛m/am.t/ C Rvm.t/ C Kum.t/ D F.t/ � ˇmam.tr/�
NX

nD1

Z t

t�tr

�mn.�/an.t � �/ d� for tr < t � trC1 (32a)

and

Mam.tr/ C Rvm.tr/ C Kum.tr/ D F.tr/ �
N

X

nD1

Z tr

0

�mn.�/an.tr � �/ d�: (32b)

The right-hand-side of equation (32) contains only known accelerations at times up through

tr . Solving equation (32) for am, we get
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am.t/ D 1

M C ˛m

"

Fm.t/ � Rvm.t/ � Kum.t/ � ˇmam.tr/

�
N

X

nD1

Z t

t�tr

�mn.�/an.t � �/ d�

#

tr < t � trC1 (33a)

and

am.tr/ D 1

M

h

Fm.tr/ � Rvm.tr/ � Kum.tr/ �
NX

nD1

Z tr

0

�mn.�/an.tr � �/ d�
i

: (33b)

Combining equation (33) with the equations in (21), we get

Pvm.t/ D 1

M C ˛m

"

Fm.t/ � Rvm.t/ � Kum.t/ � ˇmam.tr/

�
NX

nD1

Z t

t�tr

�mn.�/an.t � �/ d�

#

(34a)

Pum.t/ D vm.t/ for tr < t � trC1 (34b)

and

Pvm.tr/ D 1

M

h

Fm.tr/ � Rvm.tr/ � Kum.tr/ �
NX

nD1

Z tr

0

�mn.�/an.tr � �/ d�
i

(34c)

Pum.tr/ D vm.tr/: (34d)

In addition, the functions um.t/ and vm.t/ are known at the initial time tr of the interval.

Therefore, the above pair of equations along with the initial conditions at tr comprise a

standard system of first order ordinary differential equations of the form

Py.t/ D f .y.t/; t/

y.t0/ D y0 (35)
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where y is a vector-valued function of time. If there had been nonlinearities in equation

(21) that didn’t involve the acceleration am, these would have ended up on the right-hand-

side of equation (35). Any standard differential equation solver can be used to advance

the solution to the next time step. Notice that our assumption on the size of the time step

has allowed us to partially decouple the array problem. The coupling between elements is

contained entirely in the known histories of the accelerations. At each time step the system

of differential equations (34) is solved to advance the solution to the next time step. This is

done separately for each element in the array. The history of each an is then updated using

equation (33) in preparation for the next time step.

The results that will be presented for our example problems were computed using a second-

order Runge-Kutta method known as Heun’s method. This method advances the solution

to the system of differential equations (35) from tr to trC1 using

y.trC1/ D y.tr/ C 1
2
ı
�

Py.tr/ C f
�

y.tr/ C Py.tr/ ı; trC1

��

: (36)

Here Py.tr/ D f
�

y.tr/; tr
�

. Although this is a fairly crude method, it has the advantage of

only involving quantities evaluated at the times tr and trC1. In our example problems, y

and f can be written in terms of components as follows:

y D
�

y1

y2

�

and f .y; t/ D
�

f1.y; t/

f2.y; t/

�

: (37)

Referring to equation (34), we see that

f1.y; t/ D 1

M C ˛m

"

Fm.t/ � Ry1 � Ky2 � ˇmam.tr/

�
NX

nD1

Z t

t�tr

�mn.�/an.t � �/ d�

#

(38a)

f2.y; t/ D y1 for tr < t � trC1 (38b)

and

f1.y; tr/ D 1

M

h

Fm.tr/ � Ry1 � Ky2 �
N

X

nD1

Z tr

0

�mn.�/an.tr � �/ d�

#

(38c)

f2.y; tr/ D y1: (38d)
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To apply Heun’s method to the example problems, we need to evaluate f .y; t/ at the times

tr and trC1. Equations (38c) and (38d) provide the value of f .y; t/ at tr . It follows from

equations (38a) and (38b) that

f1.y; trC1/ D 1

M C ˛m

"

Fm.trC1/ � Ry1 � Ky2 � ˇmam.tr/

�
N

X

nD1

Z trC1

ı

�mn.�/an.trC1 � �/ d�

#

(39a)

f2.y; trC1/ D y1: (39b)

We will now look at the approximation of the integrals occurring in equations (38c) and

(39a). Clearly,

Z tr

0

�mn.�/an.tr � �/ d� D
r�1X

kD0

Z tkC1

tk

�mn.�/an.tr � �/ d� (40)

Z trC1

ı

�mn.�/an.trC1 � �/ d� D
r

X

kD1

Z tkC1

tk

�mn.�/an.trC1 � �/ d�: (41)

Since �mn typically varies faster than an, we will approximate the integrals by assuming

that an varies linearly over each interval Œtk; tkC1�, i.e.,

an.tr � �/ D an.tr�k�1/ � an.tr�k/

ı
� C tkC1an.tr�k/ � tkan.tr�k�1/

ı

for tk � � � tkC1:

(42)

Using this relation, it follows that

Z tkC1

tk

�mn.�/an.tr � �/ d�
:Dan.tr�k/

�
tkC1

ı

Z tkC1

tk

�mn.�/ d�

� 1

ı

Z tkC1

tk

��mn.�/ d�

�

C an.tr�k�1/

�
1

ı

Z tkC1

tk

��mn.�/ d�

� tk

ı

Z tkC1

tk

�mn.�/ d�

�

:

(43)
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The integrals on the right-hand-side of equation (43) can be approximated using the trape-

zoidal rule. Replacing r with r C 1 in equation (43), we obtain

Z tkC1

tk

�mn.�/an.trC1 � �/ d�
:Dan.trC1�k/

�
tkC1

ı

Z tkC1

tk

�mn.�/ d�

� 1

ı

Z tkC1

tk

��mn.�/ d�

�

C an.tr�k/

�
1

ı

Z tkC1

tk

��mn.�/ d�

� tk

ı

Z tkC1

tk

�mn.�/ d�

�

:

(44)

The integrals on the right-hand-sides of equations (43) and (44) can be computed up to the

time where they become negligible prior to starting the time stepping.

24



7 Computed Results for Some Transducer Arrays

In this section we will present some computed results based on the techniques developed

in the previous sections. The frequency domain acoustic calculations were performed us-

ing the CHIEF and AXICHIEF programs[2, 3]. The remainder of the calculations were

performed using Matlab. All of the computations were done on a standard PC. We chose

example problems that are linear, since this allows us to check the results in the time do-

main by solving the array problem in the frequency domain for a large range of frequencies

and then using the inverse Fourier transform to calculate the element accelerations in the

time domain. Except where noted all examples will have zero internal losses. We will first

consider a single element. The first two figures show the transient behavior of the acceler-

ation when the element forcing function consists of a pulse that is one half cycle of a sine

wave. For figure 11 the parameters were chosen to make s=�m D 0:2, and the frequency

of the drive pulse was chosen to make s=� D 0:22. For figure 12 the parameters were

chosen to make s=�m D 0:1, and the frequency of the drive pulse was chosen to make

s=� D 0:11. The agreement between the results calculated in the time domain and those

calculated by transforming frequency domain results is quite good. Notice that the second

case rings longer since the radiation loss at the lower resonant frequency is less.
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Figure 11: Acceleration of pulsed single element (s D 0:22�).
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Figure 12: Acceleration of pulsed single element (s D 0:11�).
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Figure 13 shows the acceleration for a sinusoidal drive with frequency corresponding to

s=� D 0:11. The parameters were chosen so as to make s=�m D 0:1. Notice that the

response has a transient period and then settles in to a steady state. The steady state am-

plitude and phase were calculated by fitting a function of the form A sin Œ2�.s=�/t C �� to

the tail end of the response in a least-squares sense. For this case the computed amplitude

was 11.1 and the phase was 43.8 degrees. The steady state amplitude and phase calculated

in the frequency domain for this frequency were 11.0 and 43.4 degrees respectively. This

amounts to only a 0.9% difference in amplitude and a 0.4 degree difference in phase.
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Figure 13: Sinusoidal drive of single element (s D 0:11�).

Figures 14 and 15 show a comparison of the steady-state amplitude and phase calculated in

the time domain and the frequency domain for a range of frequencies. Again the agreement

is quite good.
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Figure 14: Steady state amplitude vs. frequency for single element.
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Figure 15: Steady state phase vs. frequency for single element.
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We will now look at some array results. The first two array examples correspond to a

half cycle pulse forcing function with s=� D 0:22 and an array spacing of d D 2s. The

parameters were chosen so as to make s=�m D 0:2. Figure 16 shows the acceleration of the

center element of a three element array and figure 17 shows the acceleration of the center

element of a five element array. Notice that the agreement between the time-domain results

and those calculated by transforming the frequency-domain results is quite good.

Figures 18–21 show similar results for three, four, five and six element arrays when s=� D
0:11 and s=�m D 0:1. Notice that the agreement between the time-domain results and those

calculated by transforming the frequency-domain results is quite good except for the five

element array. It turns out that the radiation loading for the five element array was an order

of magnitude smaller than for the other arrays. Thus the frequency response for the five

element array has a much sharper resonance than the other cases and is more sensitive to

small changes. This may be responsible for the poorer agreement in this case. Notice also

that the decay is much slower for the cases with s=�m D 0:1 than it was for the cases with

s=�m D 0:2. The cases with s=�m D 0:1 correspond to a much stronger array interaction

environment since the elements are small in wavelength and closely spaced in wavelength

near resonance. In addition the element internal response at resonance provides no help in

controlling the array accelerations. In fact some of the elements are taking in power rather

than radiating power.
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Figure 16: Center element of pulsed 3 element array (s D 0:22�).
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Figure 17: Center element of pulsed 5 element array (s D 0:22�).
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Figure 18: Center element of pulsed 3 element array (s D 0:11�).
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Figure 19: Center element of pulsed 4 element array (s D 0:11�).
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Figure 20: Center element of pulsed 5 element array (s D 0:11�).
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Figure 21: Center element of pulsed 6 element array (s D 0:11�).
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We will now look at the effect of internal losses. Figure 22 shows the five element case

when the internal loss is set so as to make Q D 100. Figure 23 shows the five element case

when the internal loss is set so as to make Q D 20. In these cases the agreement between

the time-domain results and those calculated by transforming the frequency-domain results

is quite good. As we would suspect, the decay is faster when the internal losses are greater.

Figures 24 and 25 show the acceleration response to a sinusoidal drive for the center ele-

ment of a three element array and a four element array when s=�m D 0:1, s=� D 0:11. The

steady state response of the center element of the three element array computed from the

time response had an amplitude of 5.393 and a phase of 102 degrees. The corresponding

result computed in the frequency domain had an amplitude of 5.387 and a phase of 100.6

degrees. Thus, there is only a 0.1% difference in amplitude and a 1.4 degree difference in

phase. The steady state response of one of the center elements of the four element array

computed from the time response had an amplitude of 6.338 and a phase of 85.4 degrees.

The corresponding result computed in the frequency domain had an amplitude of 6.341 and

a phase of 84.9 degrees. In this case there was only a 0.05% difference in amplitude and

a 0.5 degree difference in phase. It should be noted that the time to reach steady state is

surprisingly long for these closely packed arrays of elements that are small in wavelength.

The period of the sinusoidal forcing function in scaled time is 1=0:11 D 9:091. Thus it

takes on the order of 150–200 cycles for the center element of the three element array to

reach steady state or about 300 times longer than it takes a sound wave to cross the array.

Figures 26 and 27 show the effect of internal losses on the time to reach steady state.

Notice that the transient time becomes progressively shorter as Q decreases (losses become

greater).
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Figure 22: Center element of pulsed 5 element array with Q=100 (s D 0:11�).
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Figure 23: Center element of pulsed 5 element array with Q=20 (s D 0:11�).
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Figure 24: Center element of 3 element array with sinusoidal drive (s D 0:11�).
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Figure 25: Center element of 4 element array with sinusoidal drive (s D 0:11�).
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Figure 26: Center element of 3 element array with sinusoidal drive (s D 0:11� and Q D
100).
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Figure 27: Center element of 3 element array with sinusoidal drive (s D 0:11� and Q D
20).

36



8 Summary

In this paper we have described a technique for computing acoustic array interactions in

the time domain. This technique makes use of mutual radiation impulse functions. These

impulse functions are calculated in the frequency domain using the CHIEF or AXICHIEF

program and then converted to the time domain by means of the inverse Fourier transform.

A special technique was developed involving modified impulse response functions that

improved the convergence rate in the frequency domain from 1=! to 1=!3. This greatly

improved the small time accuracy of the radiation impulse functions and reduced the range

of frequencies that needed to be calculated. Although the techniques developed in this

paper can be used for arrays of nonlinear elements as well as for arrays of linear elements,

the computed results in this paper are for linear elements since it is much easier to provide

checks of the accuracy using frequency domain techniques. In general the comparison of

results computed in the time domain with those obtained by transforming frequency domain

results was quite good. However, there was one case (five element array with element size

and spacing small in wavelength) where the comparison was not as good. It turns out that

this case had a very sharp resonance response due to very small acoustic loading. For arrays

driven with sinusoidal forcing functions the time to reach steady state was surprisingly long

for the cases where the frequency was near resonance, there were no losses, and the element

size and spacing were small compared to the wavelength at resonance.

As far as possible extensions of this work, it would be interesting to apply the techniques

used here to arrays in which the transducers are multimode devices or have nonlinearities.

It also seems likely that direct methods employing the Kirchhoff integral equation would

also benefit from replacing the pressure due to an impulse by a modified pressure that didn’t

have discontinuities at time zero.
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