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In this paper we will look at the time-domain equivalent of the Helmholtz integral

equation in the frequency domain. This integral equation involves delayed or re-

tarded values of the surface pressure, the time derivative of surface pressure, and

the normal acceleration and is called Kirchhoff’s integral equation. The numer-

ical solution of Kirchhoff’s equation reduces to a time recursion relation for the

surface pressures instead of the solution of a system of linear equations at each

frequency as was the case in the frequency domain. It turns out that there are

stability problems associated with the solution of Kirchoff’s equation when the

time step is too small. A numerical technique will be presented in this paper that

greatly improves the stability.

The Kirchhoff integral equation can be obtained from the Helmholtz integral equa-

tion by means of the Fourier transform. The Helmholtz integral equation in the

frequency domain can be written
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Here r is the distance between the surface points � and �, P.�; !/ is the Fourier

transform of the surface pressure, and a.�; !/ is the Fourier transform of the nor-

mal acceleration on the surface. Delays in the time domain correspond to complex

exponential multipliers in the frequency domain under the Fourier transform op-

eration. In particular,

p.t � �/ � e�i!�P.!/: (4)

Taking the inverse Fourier transform of the Helmholtz integral equation, we get

the Kirchhoff integral equation
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Moreover, it is easily shown that
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The procedure we use for solving Kirchhoff’s integral equation numerically is

an extension of the one used by Mitzner [Mitzner, K.M., Numerical Solution

for Transient Scattering from a Hard Surface—Retarded Potential Technique, J.

Acoust. Soc. Am., vol. 42, No. 2, pp 391–397 (1967)].

Surface Subdivision We assume that the radiating surface S is subdivided into

sub areas Sk on which p.�; t/, Pp.�; t/, and a.�; t/ can be taken as constant for

any fixed time t . We will denote these constant values on Sk by pk.t/, Ppk.t/, and

ak.t/. We do not, however, assume that the delays r=c are constant over each sub

area. Evaluating the Kirchhoff integral equation at the center �j of area Sj and

using the relation in equation (6), we get
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Approximation of Integrals We assume that each surface area Sk is defined

by a one-to-one smooth mapping from a two-dimensional base region into three-

dimensional space. We generally take the base region to be a rectangle. The
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integration over Sk involves choosing quadrature points in the base region and

mapping these onto the surface. The integrals over Sk are approximated using a

quadrature formula of the form
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Here �kl is the image of the l-th quadrature point under the mapping defining the

surface region Sk, dS.�kl/ is the surface Jacobian of this mapping evaluated at

the quadrature point, and wkl is the quadrature weight corresponding to �kl . We

generally use two-dimensional Gaussian quadrature over the base rectangles.

Using these integral approximations in equation (7) gives
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where rjkl is the distance between �j and �kl , Otjkl D rjkl=c, and

j̋kl D wkl dS.�kl/
.�kl � �j / � n.�kl/
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Delay Approximations The delay Otjkl in the above equation is not generally an

integral multiple of the time step �t . Let

Otjkl D njkl�t C 
jkl�t with 0 � 
jkl < 1 (11)

where njkl is an integer. If t0 is the initial time, then we make the following linear

approximation at the m-th time step
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In this equation p
.n/

k
denotes the value of pk at the n-th time step. The quanti-

ties Ppk and ak are approximated similarly. As a result of these approximations,

equation (9) becomes
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Approximation of Time Derivatives Special care must be taken in the approx-

imation of the time derivatives present in equation (15) since this is where the sta-

bility problems mentioned previously originate. Mitzner approximated the time

derivatives by a second order backward difference formula. Whereas it is nec-

essary to use a backward formula to approximate derivatives at the present time,

better formulas can be used to approximate derivatives at past times. The method

we use incorporates smoothing to reduce the effect of errors in the pressure values.

The approximation is illustrated in figure 0. We take an equal number of points on

either side of the point where we want to approximate the derivative and we least-

square fit a quadratic to the values at these points. The derivative of the quadratic

at the center point is taken as the derivative approximation. This approximation

can be expressed as a weighted sum of the function values involved.
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Derivative approximation incorporating smoothing

In equation (21) we need to approximate terms of the form Pp
.m�i/

k
in terms of

values p
.n/

k
, n � m for various values of the delay index i . Given a user supplied

nonnegative integer value Q, we approximate Pp
.m�i/

k
by an expression of the form

Pp
.m�i/

k

:
D

1

�t
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X

qDQ0.i/

C i
q p

.m�i�q/

k
(16)

where

Q0.i/ D � min.i; Q/ (17)

Q1.i/ D

(

2 i D 0 or Q D 0

min.i; Q/ otherwise.
(18)

The coefficients C i
q are given by [see Appendix]

C i
0 D 1:5 C i

1 D �2 C i
2 D 0:5 for i D 0 or Q D 0 (19)

C i
q D

3q

Q1.i/
�

Q1.i/ C 1
��

2Q1.i/ C 1
� for i > 0 and Q > 0: (20)
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For i D 0 or Q D 0 this corresponds to a second-order backward difference ap-

proximation. For i > 0 and Q > 0 the formula was obtained by taking min.i; Q/

points on either side of the time index m � i where the derivative is desired and

least-square fitting a quadratic to the values at these points. The derivative of

this quadratic at the center point yields the above formula. Approximating the

derivative by means of a least-squares fit of a quadratic to a number of points cen-

tered around the desired point is a common smoothing technique for computing

derivatives from noisy empirical data. In general, this approximation yields better

accuracy for small values of Q and better stability for larger values. Larger values

of Q are usually needed as the time step becomes smaller in order to maintain

stability.

Using the above derivative approximations in equation (15), we obtain
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Matrix Formulation If we group by delay in the l-sum , then equation (21) can

be written in the form
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where I is the maximum delay over the surface. The maximum delay is finite

since all the delays depend on rjkl=c which is bounded. For any pair of values
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j and k there are only a small number of admissible delays. Therefore, most

of the coefficients Ai
jk

and B i
jk

in this equation are zero. It is difficult to write

general expressions for Ai
jk

and B i
jk

, but it is easy to construct them in a computer

program. Clearly there may be several terms in equation (21) corresponding to a

given delay. The A and B matrices are first initialized to zero. As the terms in

equation (21) are computed, they can be added into the correct position in the A

and B matrices.

Equation (22) can be rearranged to give
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where all the pressure terms at the present time m�t are grouped together on the

left-hand side. All the values of p on the right-hand-side are at retarded times.

Thus, equation (23) is a recursion relation for computing the pressure at succes-

sive time steps from computed values at previous time steps. We need to solve a

system of equations at each time step for the pressures p
.m/
1 ; : : : ; p

.m/

K . However,

the matrix for this system of equations only needs to be factored once since it is

independent of time. In addition, the matrix is very sparse and heavily diagonally

dominant. In fact this matrix is diagonal if the time step �t is chosen so that

�t �
minj;k;l.rjkl/j ¤k

c
:

In order to determine the maximum delay we define

n0.j; k/ D min
l

.njkl/ (24)

and

n1.j; k/ D max
l

.njkl/ (25)

where njkl is defined in equation (11). The quantities n0.j; k/ and n1.j; k/ can

be easily computed once the geometry is prescribed. Let j and k be fixed. For
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each l, the maximum delay in equation (21) is given by njkl C 1 C Q1

�

njkl C

1/
�

. Since i C Q1.i/ is a nondecreasing function, the maximum delay over l is

n1.j; k/ C 1 C Q1

�

n1.j; k/ C 1
�

. For each l, the minimum delay in equation (21)

is given by njkl C Q0.njkl/. Since i C Q0.i/ is a nondecreasing function, the

minimum delay over l is n0.j:k/ C Q0.n0.j:k//. The maximum delay over j and

k is given by

I D max
j;k

n1.j; k/ C

(

Q if Q > 0

2 if Q D 0
(26)

Sparse Matrix Storage Since most of the elements in the matrices A and B

are zero, it is convenient to store the nonzero elements of each matrix in a vector

as is often done for sparse matrices. The method we use is sometimes called the

skyline method. Let Avec and Bvec denote the vectors where A and B are to be

stored. We first define a single index n corresponding to the pair of indices j; k

by

n D .j � 1/K C k j; k D 1; : : : ; K: (27)

The inverse of this correspondence is given by

j D Int

�

n � 1

K

�

C 1 (28)

k D n � .j � 1/K (29)

where Int. / is the operator giving the integer part of the real argument.

We now think of the A and B matrices as being two-dimensional matrices with

row index i and column index n. We will only store a range of elements in each

column corresponding to the admissible delays i corresponding to the pair .j; k/.

Let nB.n/ denote the index in Bvec where the first nonzero element in the n-th

column of B is stored. Similarly, let nA.n/ denote the index in Avec where the

first nonzero element in the n-th column of A is stored. Define
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For each j and k the delay index i in B is greater than or equal to n0.j; k/ C

Q0

�

n0.j; k/
�

and less than or equal to n1.j; k/ C Q1

�

n1.j; k/ C 1
�

C 1. It

follows that there are n1.j; k/ � n0.j; k/ C Q1

�

n1.j; k/ C 1
�

� Q0

�

n0.j; k/
�

C 2

delay terms in B associated with each j and k. Therefore, nB.n/ can be generated

recursively from

nB.1/ D 1

nB.n C 1/ D nB.n/ C n1.j; k/ � n0.j; k/ C Q1

�

n1.j; k/ C 1
�

� Q0

�

n0.j; k/
�

C 2: (30)

For B , the term in column n with the smallest delay n0.j; k/ C Q0

�

n0.j; k/
�

is

stored in the location nB.n/ of Bvec. Thus, the term in column n corresponding

to the delay index i is stored in the location nB.n/ C i � n0.j; k/ � Q0

�

n0.j; k/
�

.

For each j; k the delay index i in A is greater than or equal to n0.j; k/ and less

than or equal to n1.j; k/ C 1. Therefore, there are n1.j; k/ � n0.j; k/ C 2 de-

lay terms in A associated with each j; k. It follows that nA.n/ can be generated

recursively from

nA.1/ D 1

nA.n C 1/ D nA.n/ C n1.j; k/ � n0.j; k/ C 2: (31)

For A, the term in column n with the smallest delay n0.j; k/ is stored in the

location nA.n/ of Avec. Thus, the term in column n corresponding to the delay

index i is stored in the location nA.n/ C i � n0.j; k/.

In computing p.m/ using equation (23) we do not perform the multiplications

corresponding to zero elements of A and B . Thus, for any pair of values j and k

in equation (23), we only sum over the corresponding admissible i-values.

Storage of Surface Values Since there are only IC1 possible delays in equation

(23), it is not necessary to keep the entire time history of the surface pressures

and accelerations in memory. We keep the pressure and acceleration histories
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in two-dimensional matrices Pres and Acc where the first index goes over the

number of surface subdivisions and the second index runs from 0 to I . As a
.m/
j and

p
.m/
j are computed they are stored in Acc .j; m0/ and Pres .j; m0/ where m0 D m

mod .I C 1/. The pressure and acceleration histories are retrieved using the same

circular indexing.

Stability As mentioned previously, there are stability problems with the recur-

sion relation of equation (23) when the time step is too small. It may seem odd

that stability problems arise for small time steps since, in solving differential equa-

tions, the stability problems generally occur for large time steps. However, in

solving differential equations the derivative approximations are not really used to

calculate derivatives, but to calculate values of the underlying function. In fact,

the derivative values are given by the differential equations. In the Kirchhoff in-

tegral equation we are calculating derivatives at past times in terms of previously

calculated pressure values. Since there are errors in the computed pressure values

that do not go to zero as the time step gets smaller (e.g., spatial discretization er-

rors), small time steps only serve to amplify these errors. The smoothing we use

in the derivative approximation reduces the effects of these errors. It should also

be mentioned that it probably doesn’t make sense to take arbitrarily small time

steps for a given spatial breakup. The time and spatial dependencies are related.

If one really needs accuracy at small time steps, the spatial subdivisions need to

be chosen appropriately small. It should probably take less than ten time steps for

an acoustic wave to cross a spatial subdivision. In addition, the spacing between

quadrature points should not be too large relative to the time step.

Results The equations developed in the previous section have been implemented

into a computer program that can handle quite general surfaces. The program

takes advantage of the sparseness of the matrices involved as well as any geo-

metric symmetries that are present. The surface geometry portion of the program

was taken from the frequency-domain program CHIEF [G. Benthien, D. Barach,

and S. Hobbs, CHIEF2000 Users Manual, Technical Document 3104, SPAWAR

Systems Center, San Diego, March 2000]. In this section we will show computed

results for several sample problems. In order to assess the accuracy of the method

we have chosen problems where the solution can also be computed from an analyt-

ical expression. The prescribed acceleration waveform for each of these problems

is a pulse consisting of one half cycle of a sine wave of angular frequency !.
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The first problem consists of a sphere of radius r that is uniformly excited in the

radial direction. The time is normalized by the time required for a sound wave to

travel across the diameter of the sphere. The pulse width in this normalized time

is one. Figure 1 shows the computed surface pressure at the pole of the sphere.

The analytic solution is included for comparison. For this computation there were

8 subdivisions in the � -direction and 12 subdivisions in the �-direction. The time

step in normalized time was 1=30 and the derivatives were approximated using

Q D 1. The surface pressure is normalized by �ca=! where a is the amplitude

of the acceleration pulse. It can be seen that the agreement is excellent. Figure 2

shows the error for this same problem. It can be seen that the error at large times

is not random, but has a definite pattern. Figure 3 shows the results from taking an

FFT of the error. It can be seen that there are narrow peaks corresponding to the

frequencies where the solution to the corresponding Helmholtz integral equation

is nonunique. The computed frequencies are shown on the plot with the exact

values of the interior resonances shown in parentheses. Figure 4 shows the com-

puted pressure when the normalized time step is reduced to 1=90. Notice that the

solution is unstable at large times. Figure 5 shows the results when Q is increased

to 2. Notice that now the solution is stable.

The second problem is similar to the first except that the motion consists of rigid

body acceleration in the direction of the polar axis. For this problem we used

24 subdivisions in the � -direction and 12 subdivisions in the �-direction. The

normalized pulse width was 8=10. The pressure is normalized by �ra where r

is the radius of the sphere. Figure 6 shows a comparison between the computed

pressure at the pole and the analytic solution. Here again the agreement is excel-

lent. Figure 7 shows the frequency spectrum of the error. Again there are peaks at

the frequencies where the Helmholtz integral equation has a nonunique solution.

In this case the interior resonances are the roots of j1.kr/ D 0 where j1 is the

spherical Bessel function of order one.

The third problem consists of a circular piston at the pole of a sphere. The piston’s

angular width is 30ı. To simplify the analytical solution there is a 30ı transition re-

gion where the acceleration varies linearly in cos � from one down to zero. Again

we are using 24 subdivisions in the � -direction and a normalized pulse width of

8=10. The normalizations are the same as for the uniformly pulsed sphere. Figure

8 shows the pressure near the pole (the center of the piston), near the equator, and

near the opposite pole. The analytic solution was computed in the frequency do-

main and numerically transformed to the time domain. Here again the agreement

is excellent.
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Figure 1: Surface pressure due to uniformly pulsed sphere
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Figure 2: Error for uniformly pulsed sphere
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Figure 3: Error spectrum for uniformly pulsed sphere
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Figure 4: Unstable behavior of uniformly pulsed sphere for small time steps
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Figure 5: Stabilization of uniformly pulsed sphere for small time steps

0 1 2 3 4 5 6 7 8 9

Normalized Time τ [τ = ct/2/r]

−0.2

0.0

0.2

0.4

0.6

N
o

rm
al

iz
ed

 P
re

ss
u

re
 [

p
/(

ρ
ra

)]

analytic computed

Figure 6: Surface pressure due to pulsed oscillating sphere
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Figure 7: Error spectrum for pulsed oscillating sphere
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Figure 8: Surface pressure due to pulsed piston on a sphere
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